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Abstract. In this paper we obtain some novel identities involving
trigonometric functions. Let n be any positive odd integer. We
show that
n−1∑
r=0
1
1 + sin 2pi x+rn + cos 2pi
x+r
n
=
(−1)(n−1)/2n
1 + (−1)(n−1)/2 sin 2pix+ cos 2pix
for any complex number with x+ 1/2, x+ (−1)(n−1)/2/4 6∈ Z, and
n−1∑
j,k=0
1
sin 2pi x+jn + sin 2pi
y+k
n
=
(−1)(n−1)/2n2
sin 2pix+ sin 2piy
for all complex numbers x and y with x+y, x−y−1/2 6∈ Z. We also
determine the values of
∏(p−1)/2
k=1 (1 + tanpi
k2
p ) and
∏(p−1)/2
k=1 (1 +
cotpi k
2
p ) for any prime p ≡ 1 (mod 4). In addition, we pose several
conjectures on the values of Sp(x) =
∏(p−1)/2
k=1 (x − e2piik
2/p) with
p an odd prime and x a root of unity; for example, we conjecture
that
Sp(ζ) = (−1)|{16k6
p+9
10
: (k
p
)=−1}|
for any prime p ≡ 21 (mod 40) and primitive tenth root ζ of unity,
where (kp ) is the Legendre symbol.
1. Introduction
Let M be an additive abelian group, and let f be a map of two
complex variables into M such that{〈
x+ r
n
, ny
〉
: r = 0, . . . , n− 1
}
⊆ Dom(f)
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for all 〈x, y〉 ∈ Dom(f) and n ∈ Z+ = {1, 2, 3, . . .}. If
n−1∑
r=0
f
(
x+ r
n
, ny
)
= f(x, y) (1.1)
for all 〈x, y〉 ∈ Dom(f) and n ∈ Z+, then we call f a uniform map into
M . The functional equation (1.1) was first introduced by the author
[S89] in 1989 motivated by his study of covering equivalence about
systems of residue classes. Uniform maps have various examples and
some nice algebraic properties, see, e.g., [S01, S01a, S02].
For the classical Γ-function, the Gauss multiplication formula states
that for each n ∈ Z+ we have
n−1∏
r=0
Γ
(
z +
r
n
)
= (2pi)(n−1)/2n1/2−nzΓ(nz)
for all z ∈ C with nz 6∈ {0,−1,−2, . . .}, where C denotes the field of
complex numbers. Replacing z by x/n with x 6∈ {0,−1,−2, . . .}, the
author [S89] rewrote the Gauss multiplication formula as
n−1∏
r=0
(
Γ
(
x+ r
n
)
(ny)(x+r)/n√
2piny
)
= Γ(x)
yx√
2piy
with y ∈ R+ = {r ∈ R : r > 0}. If we define the map γ on C × R+
into the multiplicative group C∗ = C \ {0} by
γ(x, y) =
{
Γ(x)yx/
√
2piy if x 6∈ {0,−1,−2, . . .},
(−1)x
(−x)!
yx
√
2piy otherwise,
then γ(x, y) is a uniform map as showed in [S02, Example 2.2(i)]. The
known formula
n−1∏
r=0
(
2 sinpi
x+ r
n
)
= 2 sin pix (n ∈ Z+ and x ∈ C)
is a consequence of Gauss’ multiplication formula. From the last equal-
ity, by taking logarithmic derivative one gets the known identity
1
n
n−1∑
r=0
cot pi
x+ r
n
= cot pix (n ∈ Z+ and x ∈ C \ Z).
Taking the derivatives of both sides of this formula, we obtain another
well-known formula
1
n2
n−1∑
r=0
csc2 pi
x+ r
n
= csc2 pix (n ∈ Z+ and x ∈ C \ Z). (1.2)
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If n is a positive odd integer, then by taking x = n/2 in (1.2) we get
the known identity
n−1∑
r=0
sec2 pi
r
n
= n2. (1.3)
The author [S01, Example 2.4(ii)] showed that for each m ∈ N =
{0, 1, . . .} the map cotm : C× C∗ → C given by
cotm(x, y) =


(−1)m
ym+1
cot(m)(pix) if x 6∈ Z,
(−1)m−12 ( 2
y
)m+1Bm+1
m+1
if x ∈ Z & 2 ∤ m,
0 if x ∈ Z & 2 | m,
,
is a uniform map into the additive group C, where cot(m)(z) = d
m cot z
dzm
for z ∈ C \ piZ, and Bn is the nth Bernoulli number.
There are lots of work on trigonometric power sums (cf. [BY, FGK,
WZ]); for example, B. C. Berndt and B. P. Yeap [BY] expressed the
sum
∑n−1
r=1 cot
2m pi r
n
with m ∈ Z+ in terms of the Bernoulli numbers.
The known formulas
n−1∑
r=1
cot2 pi
r
n
=
(n− 1)(n− 2)
3
(cf. [BY, (1.1)]) and
n−1∑
r=1
cot4 pi
r
n
=
(n− 1)(n− 2)
45
(n2 + 3n− 13)
(cf. [FGK, Appendix A]) can also be deduced by using the uniform
maps cot1(x, y) and cot3(x, y) in [S02, Example 2.4(ii)].
In this paper we obtain some new trigonometric identities related to
quadratic residues. Recall that for any positive odd integer n we have(−1
n
)
= (−1)(n−1)/2 and
(
2
n
)
= (−1)(n2−1)/8,
where ( ·
n
) denotes the Jacobi symbol.
Now we sate our main results.
Theorem 1.1. Let n be any positive odd integer. Then
n−1∑
r=0
1
1 + sin 2pi x+r
n
+ cos 2pi x+r
n
=
(−1
n
)n
1 + (−1
n
) sin 2pix+ cos 2pix
(1.4)
for any x ∈ C with x+ 1/2, x+ (−1)(n−1)/2/4 6∈ Z, and
n−1∑
r=0
1
1 + sin 2pi x+r
n
− cos 2pi x+r
n
=
(−1
n
)n
1 + (−1
n
) sin 2pix− cos 2pix (1.5)
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for all x ∈ C with x, x+ (−1)(n−1)/2/4 6∈ Z.
Corollary 1.1. We have
1
n
n−1∑
r=0
csc 2pi
x+ r
n
= csc 2pix (1.6)
for all x ∈ C with 2x 6∈ Z, and
1
n
n−1∑
r=0
sec 2pi
x+ r
n
=
(−1
n
)
sec 2pix (1.7)
for any x ∈ C with 4x not an odd integer.
Remark 1.1. (i) In view of the first assertion in Corollary 1.1, for any
n ∈ {1, 3, 5, . . .}, x ∈ C \ Z and y ∈ C∗ we have
n−1∑
r=0
1
ny
csc pi
x+ 2r
n
=
1
y
csc pix.
Thus, by [S01a, Theorem 2.1], if A = {as + nsZ}ks=1 and B = {bt +
mtZ}lt=1 (with ns, mt ∈ {1, 3, 5, . . .} and as, bt ∈ Z) are covering equiv-
alent (i.e., wA(x) = |{1 6 s 6 k : x ≡ as (mod ns)}| coincides with
wB(x) = |{1 6 t 6 l : x ≡ bt (mod mt)}| for each x ∈ Z), then
k∑
s=1
1
ns
csc pi
x+ 2as
ns
=
l∑
t=1
1
mt
csc pi
x+ 2bt
mt
for all x ∈ C \ Z.
(ii) For positive odd integers m and n, X. Wang and D.-Y. Zheng
[WZ, p. 1024] expressed the sum
∑n−1
k=0(−1)k secm pi x+kn in terms of pow-
ers of sec pix. We note that
n−1∑
k=0
(−1)k secm pi2x+ k
n
=
(n−1)/2∑
j=0
secm 2pi
x+ j
n
−
(n−1)/2∑
j=1
secm pi
2x+ (n− 2j)
n
=
(n−1)/2∑
j=0
secm 2pi
x+ j
n
+
(n−1)/2∑
j=1
secm 2pi
x− j
n
=
n−1∑
r=0
secm 2pi
x+ r
n
.
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Corollary 1.2. For any positive odd integer n, we have
n−1∑
r=0
1
1 + sin 2pir/n+ cos 2pir/n
=
(−1
n
)
n
2
, (1.8)
n−1∑
r=0
1
1 + sin pi(2r + 1)/n− cos pi(2r + 1)/n =
(−1
n
)
n
2
, (1.9)
n−1∑
r=0
sec 2pi
r
n
=
(−1
n
)
n and
n−1∑
r=0
sec pi
2r + 1
n
= −
(−1
n
)
n. (1.10)
Remark 1.2. (1.4) with x = 0, and (1.5) with x = 1/2, yield (1.8) and
(1.9) respectively. Putting x = 0, 1/2 in (1.7) we get (1.10). Note also
the simple trick
n−1∑
r=0
sec 2pi
r
n
+
n−1∑
r=0
sec pi
2r + 1
n
=
2n−1∑
k=0
sec pi
k
n
=
n−1∑
k=0
(
sec pi
k
n
+ sec pi
n+ k
n
)
= 0.
Theorem 1.2. Let n be any positive odd integer. Then
n−1∑
j,k=0
1
sin 2pi(x+ j)/n+ sin 2pi(y + k)/n
=
(−1
n
)
n2
sin 2pix+ sin 2piy
(1.11)
for all x, y ∈ C with x+ y 6∈ Z and x− y − 1/2 6∈ Z, and
n−1∑
j,k=0
1
cos 2pi(x+ j)/n+ cos 2pi(y + k)/n
=
n2
cos 2pix+ cos 2piy
(1.12)
for all x, y ∈ C with x± y − 1/2 6∈ Z. Also,
n−1∑
j,k=0
1
sin 2pi(x+ j)/n+ cos 2pi(y + k)/n
=
n2
(−1
n
) sin 2pix+ cos 2piy
(1.13)
for all x, y ∈ C with x± y + (−1)(n−1)/2/4 6∈ Z.
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Corollary 1.3. For any positive odd integer n, we have
n−1∑
j,k=0
1
sin 2pij/n+ cos 2pik/n
=n2 (1.14)
n−1∑
j,k=0
1
sin pi(2j + 1)/n+ cospi(2k + 1)/n
=− n2, (1.15)
n−1∑
j,k=0
1
cos 2pij/n+ cos 2pik/n
=
n2
2
, (1.16)
n−1∑
j,k=0
1
cospi(2j + 1)/n+ cospi(2k + 1)/n
=− n
2
2
. (1.17)
Remark 1.3. The identities (1.14) and (1.15) follow from (1.13) with
x = y ∈ {0, 1/2}. The identities (1.16) and (1.17) are just (1.12) in the
special case x = y ∈ {0, 1/2}. On August 2, 2019, the author posed
(1.16) to MathOverflow (cf. [S19c]), and then both the user Wojowu
and Fedor Petrov provided proofs of (1.16).
Corollary 1.4. Let p be a prime with p ≡ 3 (mod 4). Then∑
16j<k6(p−1)/2
1
cos 2pij2/p+ cos 2pik2/p
= −p + 1
4
· p− 3
4
. (1.18)
Remark 1.4. Actually, the author found the identity in Corollary 1.4 in-
spired by his recent paper [S19b] on quadratic residues modulo primes,
and this is the main motivation of this paper.
Theorem 1.3. Let p be a prime with p ≡ 1 (mod 4) and let a ∈ Z with
p ∤ a. Let εp and h(p) be the fundamental unit and the class number of
the real quadratic field Q(
√
p) respectively.
(i) If p ≡ 1 (mod 8), then
(p−1)/2∏
k=1
(
i− e2piiak2/p
)
=(−1) p−18 +|{1≤k< p4 : (kp )=1}|, (1.19)
(p−1)/2∏
k=1
(
1 + tan pi
ak2
p
)
=(−1)|{16k< p4 : (kp )=1}|2(p−1)/4, (1.20)
(p−1)/2∏
k=1
(
1 + cot pi
ak2
p
)
=(−1)|{16k< p4 : (kp )=1}| 2
(p−1)/4
√
p
ε
(a
p
)h(p)
p . (1.21)
TRIGONOMETRIC IDENTITIES AND QUADRATIC RESIDUES 7
(ii) If p ≡ 5 (mod 8), then
(p−1)/2∏
k=1
(
i− e2piiak2/p
)
=i(−1) p−58 +|{1≤k< p4 : (kp )=1}|
(
a
p
)
ε
−(a
p
)h(p)
p ,
(1.22)
(p−1)/2∏
k=1
(
1 + tanpi
ak2
p
)
=(−1)|{16k< p4 : (kp )=−1}|2(p−1)/4
(
a
p
)
ε
−3(a
p
)h(p)
p ,
(1.23)
(p−1)/2∏
k=1
(
1 + cotpi
ak2
p
)
=(−1)|{16k< p4 : (kp )=1}|
(
a
p
)
2(p−1)/4√
p
. (1.24)
Motivated by Theorem 1.3, we get the following result.
Theorem 1.4. Let p > 3 be a prime and let a ∈ Z with p ∤ a. Then
(p−1)/2∑
k=1
1
cot pi ak
2
p
− 1 =
(p−1)/2∑
k=1
1
1− tan pi ak2
p
− p− 1
2
=
p
4
((−1
p
)
− 1
)
+
(−2a
p
) √
p
2
(p−1)/2∑
k=1
(−1)k
(
k
p
)
.
(1.25)
Remark 1.5. For any prime p ≡ 1 (mod 4), we have
(p−1)/2∑
k=1
(
k
p
)
=
1
2
(p−1)/2∑
k=1
((
k
p
)
+
(
p− k
p
))
=
p−1∑
r=1
(
r
p
)
= 0
and hence
(p−1)/2∑
k=1
(−1)k
(
k
p
)
=
(p−1)/2∑
k=1
(1+(−1)k)
(
k
p
)
= 2
⌊p/4⌋∑
j=1
(
2j
p
)
=
(
2
p
)
h(−p)
(with h(−p) the class number of the field Q(√−p)) since h(−p)
2
=∑
0<k<p/4(
k
p
) (cf. [WC, (1.2)]), therefore we have the new class number
formula:
h(−p) = 2√
p
(p−1)/2∑
k=1
1
cot pi k
2
p
− 1 . (1.26)
Inspired by Theorem 1.3, we introduce the polynomial
Sp(x) :=
(p−1)/2∏
k=1
(x− e2piik2/p), (1.27)
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where p is an odd prime. If a ∈ Z and (a
p
) = −1, then
Sp(x)
(p−1)/2∏
k=1
(x− e2piiak2/p) =
p−1∏
r=1
(x− e2piir/p) = x
p − 1
x− 1 .
Our next theorem determines the value of Sp(ω) for primes p ≡ 1 (mod 4),
where
ω = e2pii/3 =
−1 +√3 i
2
.
Theorem 1.5. Let p be a prime with p ≡ 1 (mod 4). Then
(−1)|{16k6⌊ p+13 ⌋: (kp )=−1}|Sp(ω) =
{
1 if p ≡ 1 (mod 12),
ωε
h(p)
p if p ≡ 5 (mod 12). (1.28)
Also,
Sp(−ω) =


1 if p ≡ 1 (mod 12),
−ωε−2h(p)p if p ≡ 5 (mod 24),
ω if p ≡ 17 (mod 24).
(1.29)
We will show Theorem 1.1 and Corollary 1.1 in the next section,
and prove Theorem 1.2 and Corollary 1.4 in Section 3. Our proof of
Theorem 1.2 utilizes the functional equation (1.6). Theorems 1.3-1.5
will be proved in Section 4. We will pose some conjectures for further
research in Section 5.
2. Proofs of Theorem 1.1 and Corollary 1.1
Lemma 2.1. Let n be any positive odd integer. Then
n−1∏
r=0
(
1 + cotpi
x+ r
n
)
=
(
2
n
)
2(n−1)/2
(
1 +
(−1
n
)
cot pix
)
(2.1)
for all x ∈ C \ Z, and
n−1∏
r=0
(
1 + tanpi
x+ r
n
)
=
(
2
n
)
2(n−1)/2
(
1 +
(−1
n
)
tan pix
)
(2.2)
for all x ∈ C with x− 1/2 6∈ Z.
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Proof. Let x ∈ C \ Z. For each r = 0, . . . , n − 1, by Euler’s formula
eiz = cos z + i sin z we have
1 + cotpi
x+ r
n
=1 +
(eipi(x+r)/n + e−ipi(x+r)/n)/2
(eipi(x+r)/n − e−ipi(x+r)/n)/(2i)
=1 + i
e2pii(x+r)/n + 1
e2pii(x+r)/n − 1 = 1 + i
(
1 +
2
e2pii(x+r)/n − 1
)
=(1 + i)
(
1 +
1 + i
e2pii(x+r)/n − 1
)
= (1 + i)
−i− e2pii(x+r)/n
1− e2pii(x+r)/n .
Thus
n−1∏
r=0
(
1 + cot pi
x+ r
n
)
=(1 + i)n
∏n−1
r=0 (y − e2pii(x+r)/n)
∣∣
y=−i∏n−1
r=0 (z − e2pii(x+r)/n)
∣∣
z=1
=(1 + i)
(
(1 + i)2
)(n−1)/2 (yn − e2piix)|y=−i
(zn − e2piix)|z=1
=(1 + i)(2i)(n−1)/2
e2piix + i(−1)(n−1)/2
e2piix − 1 .
On the other hand,
1 +
(−1
n
)
cot pix =1 + (−1)(n−1)/2ie
ipix + e−ipix
eipix − e−ipix
=1 + (−1)(n−1)/2ie
2piix + 1
e2piix − 1
=(1 + (−1)(n−1)/2i)e
2piix + i(−1)(n−1)/2
e2piix − 1 .
Therefore
n−1∏
r=0
(
1 + cot pi
x+ r
n
)
=
(1 + i)i(n−1)/2
1 + (−1)(n−1)/2i2
(n−1)/2
(
1 +
(−1
n
)
cot pix
)
.
Hence (2.1) follows since
(1 + i)i(n−1)/2
1 + (−1)(n−1)/2i = (−1)
(n2−1)/8 =
(
2
n
)
.
Now let x ∈ C with x− 1/2 6∈ Z. Then x′ = n/2− x 6∈ Z. Applying
(2.1) with x replaced by x′, we get that
n−1∏
r=0
(
1 + cot pi
x′ + r − n
n
)
=
(
2
n
)
2(n−1)/2
(
1 +
(−1
n
)
cot
(
n
pi
2
− pix
))
,
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i.e.,
n−1∏
r=0
(
1 + tan pi
x+ (n− r)
n
)
=
(
2
n
)
2(n−1)/2
(
1 +
(−1
n
)
tanpix
)
.
Therefore (2.2) holds. 
Proof of Theorem 1.1. Observe that
d
dz
(1 + tan z)
1 + tan z
=
sec2 z
1 + tan z
=
1
cos2 z + sin z cos z
=
2
1 + cos 2z + sin 2z
.
By taking the logarithmic derivative, we obtain from (2.2) the equality
n−1∑
r=0
2pi/n
1 + cos 2pi(x+ r)/n+ sin 2pi(x+ r)/n
=
(−1
n
)2pi
1 + cos 2pix+ (−1
n
) sin 2pix
,
provided that x+1/2, x+(−1)(n−1)/2/4 6∈ Z. (Note that 1+(−1
n
) tanpix =
0 if and only if x+ (−1
n
)1
4
∈ Z.) This proves the first assertion in The-
orem 1.1.
Now let x ∈ C with x 6∈ Z and x + (−1)(n−1)/2/4 6∈ Z. Set x′ =
n/2− x. Then x′ + 1/2 6∈ Z and x′ + (−1)(n−1)/2/4 6∈ Z. By (1.4) with
x replaced by x′, we have
n−1∑
r=0
1
1 + sin(pi − 2pi(x+ n− r)/n) + cos(pi − 2pi(x+ n− r)/n)
=
(−1
n
)n
1 + (−1
n
) sin(npi − 2pix) + cos(npi − 2pix) ,
i.e.,
n−1∑
r=0
1
1 + sin 2pi x+(n−r)
n
− cos 2pi x+(n−r)
n
=
(−1
n
)n
1 + (−1
n
) sin 2pix− cos 2pix.
Therefore (1.5) holds. This proves the second assertion in Theorem
1.1. 
Proof of Corollary 1.1. Let x ∈ C with 2x 6∈ Z. We want to show (1.6).
We first assume that 4x is not an odd integer. Then both (1.4) and
(1.5) hold, and hence
n−1∑
r=0
(
1
1 + sin 2pi x+r
n
+ cos 2pi x+r
n
+
1
1 + sin 2pi x+r
n
− cos 2pi x+r
n
)
=
(−1
n
)
n
(
1
1 + (−1
n
) sin 2pix+ cos 2pix
+
1
1 + (−1
n
) sin 2pix− cos 2pix
)
,
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i.e.,
n−1∑
r=0
2(1 + sin 2pi x+r
n
)
(1 + sin 2pi x+r
n
)2 − (1− sin2 2pi x+r
n
)
=
(−1
n
)
n
2(1 + (−1
n
) sin 2pix)
(1 + (−1
n
) sin 2pix)2 − (1− sin2 2pix) .
Therefore (1.6) follows.
When 4x is an odd integer, by the above we have
n−1∑
r=0
csc 2pi
x+ r
n
= lim
t→x
4t 6∈Z
n−1∑
r=0
csc 2pi
t+ r
n
= lim
t→x
4t 6∈Z
n csc 2pit = n csc 2pix.
Now we turn to show (1.7) for any complex number x with 4x not an
odd integer. For x′ = n/4− x, we have 2x′ = n/2− 2x 6∈ Z. Applying
(1.6) with x replaced by x′ = n/4− x, we find that
1
n
n−1∑
r=0
csc
(
pi
2
− 2pix+ n− r
n
)
= csc
(
n
pi
2
− 2pix
)
and hence
1
n
n−1∑
r=0
sec 2pi
x+ (n− r)
n
= (−1)(n−1)/2 sec 2pix,
which is equivalent to (1.7). This concludes the proof. 
3. Proofs of Theorem 1.2 and Corollary 1.4
Proof of Theorem 1.2. Let x, y ∈ C with x+y 6∈ Z and x−y−1/2 6∈ Z.
For any j, k = 0, . . . , n−1, clearly 2(x− y+ j−k)/n cannot be an odd
integer and thus
2i sin 2pi
x+ j
n
+ 2i sin 2pi
y + k
n
=e2pii(x+j)/n − e−2pii(x+j)/n + e2pii(y+k)/n − e−2pii(y+k)/n
=(e2pii(x+j)/n + e2pii(y+k)/n)(1− e−2pii(x+y+j+k)/n) 6= 0.
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As n is odd, {2r : r = 0, . . . , n − 1} is a complete system of residues
modulo n. Let L denote the left-hand side of (1.11). By the above,
L =
n−1∑
j,k=0
2i
(e2pii(x+j)/n + e2pii(y+k)/n)(1− e−2pii(x+y+j+k)/n)
=
n−1∑
r=0
i
1− e−2pii(x+y+2r)/n
n−1∑
k=0
2
e2pii(y+k)/n + e2pii(x+2r−k)/n
=
n−1∑
r=0
ie−2piiy/n
1− e−2pii(x+y+2r)/n
n−1∑
k=0
2
e2piik/n + e2pii(x−y+2r−k))/n
=
n−1∑
r=0
ie−2piiy/n
1− e−2pii(x+y+2r)/nσr,
where
σr :=
n−1∑
k=0
(
1
e2piik/n + ie2pii((x−y)/2+r)/n
+
1
e2piik/n − ie2pii((x−y)/2+r)/n
)
.
As
∏n−1
k=0(z − e2piik/n) = zn − 1, by taking the logarithmic derivative
we get
n−1∑
k=0
1
z − e2piik/n =
nzn−1
zn − 1 , i.e.,
n−1∑
k=0
1
e2piik/n − z =
nzn−1
1− zn .
Hence, for each r = 0, . . . , n− 1 we have
σr =
n(−ie2pii((x−y)/2+r)/n)n−1
1− (−ie2pii((x−y)/2+r)/n)n +
n(ie2pii((x−y)/2+r)/n)n−1
1− (ie2pii((x−y)/2+r)/n)n
=n(−1)(n−1)/2e−2piir/neipi(x−y)(n−1)/n
(
1
1 + ineipi(x−y)
+
1
1− ineipi(x−y)
)
=n(−1)(n−1)/2e−2piir/neipi(x−y)(n−1)/n 2
1 + e2pii(x−y)
=n(−1)(n−1)/2e−2piir/ne−ipi(x−y)/n 2
e−ipi(x−y) + eipi(x−y)
.
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In view of the above, we see that
L =
n−1∑
r=0
ie−2piiy/n
1− e−2pii(x+y+2r)/nn(−1)
(n−1)/2e−2piir/n
2e−ipi(x−y)/n
e−ipi(x−y) + eipi(x−y)
=
(−1)(n−1)/22n
eipi(x−y) + e−ipi(x−y)
n−1∑
r=0
ie−2pii((x+y)/2+r)/n
1− e−2pii(x+y+2r)/n
=
(−1)(n−1)/2n
eipi(x−y) + e−ipi(x−y)
n−1∑
r=0
2i
e2pii((x+y)/2+r)/n − e−2pii((x+y)/2+r)/n
=
(−1)(n−1)/2n
eipi(x−y) + e−ipi(x−y)
n−1∑
r=0
csc 2pi
(x+ y)/2 + r
n
.
Combining this with (1.6), we obtain
L =
(−1)(n−1)/2n
eipi(x−y) + e−ipi(x−y)
× n 2i
eipi(x+y) − e−ipi(x+y)
=
(−1
n
)n2 × 2i
e2piix − e−2piix + e2piiy − e−2piiy =
(−1
n
)
n2
sin 2pix+ sin 2piy
.
So (1.11) holds.
Now let x, y ∈ C with x ± y − 1/2 6∈ Z. For x′ = n/4 − x and
y′ = n/4− y, we have x′ + y′ = n/2− (x+ y) 6∈ Z and x′ − y′ − 1/2 =
y − x − 1/2 6∈ Z. Thus, by (1.11) with x and y replaced by x′ and y′
respectively, we get
n−1∑
j,k=0
1
sin 2pi x
′+j−n
n
+ sin 2pi y
′+k−n
n
=
(−1
n
)
n2
sin(npi
2
− 2pix) + sin(npi
2
− 2piy) ,
i.e.,
n−1∑
j,k=0
1
cos 2pi(x+ (n− j))/n+ cos 2pi(y + (n− k))/n =
n2
cos 2pix+ cos 2piy
.
Therefore (1.12) holds.
Finally, we let x, y ∈ C with x ± y + (−1)(n−1)/2/4 6∈ Z. Set x′ =
n/4− x. Then x′ ± y − 1/2 = n/4− 1/2− x± y 6∈ Z. Applying (1.12)
with x replaced by x′, we get
n−1∑
j,k=0
1
cos(pi
2
− 2pi x+(n−j)
n
) + cos 2pi y+k
n
=
n2
cos(npi
2
− 2pix) + cos 2piy ,
which is equivalent to (1.13).
The proof of Theorem 1.2 is now complete. 
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Proof of Corollary 1.4. As (−1
p
) = −1, we see that{
12, . . . ,
(
p− 1
2
)2
,−12, . . . ,−
(
p− 1
2
)2}
is a reduced system of residue classes modulo p. Thus
p−1∑
s,t=1
1
cos 2pis/p+ cos 2pit/p
=
p−1∑
s=1
(p−1)/2∑
k=1
(
1
cos 2pis/p+ cos 2pik2/p
+
1
cos 2pis/p+ cos 2pi(−k2)/p
)
=2
p−1∑
s=1
(p−1)/2∑
k=1
1
cos 2pis/p+ cos 2pik2/p
= 4
(p−1)/2∑
j,k=1
1
cos 2pij2/p+ cos 2pik2/p
=4
(p−1)/2∑
j=1
1
2 cos 2pij2/p
+ 8
∑
16j<k6(p−1)/2
1
cos 2pij2/p+ cos 2pik2/p
=
p−1∑
r=1
sec 2pi
r
p
+ 8
∑
16j<k6(p−1)/2
1
cos 2pij2/p+ cos 2pik2/p
and hence
p−1∑
s,t=0
1
cos 2pis/p+ cos 2pit/p
− 8
∑
16j<k6(p−1)/2
1
cos 2pij2/p+ cos 2pik2/p
=
p−1∑
s=0
1
cos 2pis/p+ cos 0
+
p−1∑
t=0
1
cos 0 + cos 2pit/p
− 1
2 cos 0
+
p−1∑
r=1
sec 2pi
r
p
=
p−1∑
r=0
2
1 + cos 2pir/p
− 1
2
+
p−1∑
r=1
sec 2pi
r
p
=
p−1∑
r=0
sec2 pi
r
p
+
p−1∑
r=0
sec 2pi
r
p
− 3
2
.
With the aid of (1.16), (1.3) and (1.10), we finally obtain
8
∑
16j<k6(p−1)/2
1
cos 2pij2/p+ cos 2pik2/p
=
p2
2
− p2 −
(−1
p
)
p+
3
2
= −(p + 1)(p− 3)
2
and hence the desired identity (1.18) follows. 
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4. Proofs of Theorems 1.3-1.5
Lemma 4.1. (K. S. Williams and J. D. Currie [WC, (1.4)]) Let p ≡
1 (mod 4) be a prime. Then
(−1)|{16k< p4 : (kp )=−1}|2(p−1)/4 ≡
{
1 (mod p) if p ≡ 1 (mod 8),
p−1
2
! (mod p) if p ≡ 5 (mod 8).
(4.1)
Lemma 4.2. Let p ≡ 1 (mod 4) be a prime.
(i) ([S19b, (1.12) and (1.17)]) For any integer a 6≡ 0 (mod p), we
have
(p−1)/2∏
k=1
(1− e2piiak2/p) = √p ε−(
a
p
)h(p)
p (4.2)
and
2(p−1)/2
(p−1)/2∏
k=1
cospi
ak2
p
= (−1)a(p−1)/4ε(1−(
2
p
))(a
p
)h(p)
p (4.3)
(ii) ([S19a, Corollary 1.1]) Write ε
h(p)
p = ap+ bp
√
p with 2ap, 2bp ∈ Z.
Then
ap ≡ −p− 1
2
! (mod p). (4.4)
Proof of Theorem 1.3. From the proof of Lemma 2.1, for each k =
1, . . . , (p− 1)/2 we have
1 + cot pi
ak2
p
= (1 + i)
−i− e2piiak2/p
1− e2piiak2/p .
Thus
(p−1)/2∏
k=1
(
1 + cot pi
ak2
p
)
=(1 + i)(p−1)/2
∏(p−1)/2
k=1 (−i− e2piiak
2/p)∏(p−1)/2
k=1 (1− e2piiak2/p)
=
(2i)(p−1)/4
√
pε
−(a
p
)h(p)
p
(p−1)/2∏
k=1
i− e−2piiak2/p
=
(2i)(p−1)/4√
p
ε
(a
p
)h(p)
p
(p−1)/2∏
j=1
i− e2piiaj2/p
with the help of (4.2) and (−1
p
) = 1, where z¯ denotes the conjugate of
z ∈ C. Therefore, (1.19) implies (1.21) if p ≡ 1 (mod 8), and (1.22)
implies (1.24) if p ≡ 5 (mod 8).
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For each k = 1, . . . , (p− 1)/2, we clearly have
1 + tan pi
ak2
p
=1 +
(eipiak
2/p − e−ipiak2/p)/(2i)
(eipiak2/p + e−ipiak2/p)/2
=1 + i
1− e2piiak2/p
1 + e2piiak2/p
= (1− i) i+ e
2piiak2/p
1 + e2piiak2/p
.
By Lemma 4.2(i),
(p−1)/2∏
k=1
(
1 + e2piiak
2/p
)
=
∏(p−1)/2
k=1 (1− e2pii2ak
2/p)∏(p−1)/2
k=1 (1− e2piiak2/p)
=
√
p ε
−( 2a
p
)h(p)
p
√
p ε
−(a
p
)h(p)
p
= ε
(1−( 2
p
))(a
p
)h(p)
p .
Therefore
(p−1)/2∏
k=1
(
1 + tan pi
ak2
p
)
=
(1− i)(p−1)/2
ε
(1−( 2
p
))(a
p
)h(p)
p
(p−1)/2∏
k=1
(
−i− e−2piiak2/p
)
=(−2i)(p−1)/4ε((
2
p
)−1)(a
p
)h(p)
p
(p−1)/2∏
k=1
i− e2piiak2/p.
Thus, (1.19) implies (1.20) if p ≡ 1 (mod 8), and (1.22) implies (1.23)
if p ≡ 5 (mod 8).
In view of the above, it suffices to show (1.19) and (1.22) in the cases
p ≡ 1 (mod 8) and p ≡ 5 (mod 8) respectively.
Let c :=
∏(p−1)/2
k=1 (i−e2piiak
2/p). In the ring of algebraic p-adic integers,
we have the congruence
cp ≡
(p−1)/2∏
k=1
(ip − 1) = (i− 1)(p−1)/2 = (−2i)(p−1)/4 (mod p). (4.5)
As (−1
p
) = 1, we have
c2 =
(p−1)/2∏
k=1
(
i− e2piiak2/p
)(
i− e−2piiak2/p
)
=
(p−1)/2∏
k=1
(
−ie2piiak2/p − ie−2piiak2/p
)
=(2i)(p−1)/2
(p−1)/2∏
k=1
cospi
2ak2
p
= (−1)(p−1)/4ε(1−(
2
p
))( 2a
p
)h(p)
p
with the aid of (4.3), and hence
c = δi(p−1)/4ε
(( 2
p
)−1)(a
p
)h(p)/2
p (4.6)
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for some δ ∈ {±1}. Note that ip = i. Thus
cp = δi(p−1)/4ε
(( 2
p
)−1)(a
p
)ph(p)/2
p .
Combining this with (4.5) we get
(−2)(p−1)/4 ≡ δε((
2
p
)−1)(a
p
)ph(p)/2
p (mod p).
If p ≡ 1 (mod 8), then
δ ≡ 2(p−1)/4 ≡ (−1)|{16k< p4 : (kp )=−1}| = (−1)|{16k< p4 : (kp )=1}| (mod p)
with the help of (4.1). When p ≡ 5 (mod 8), we write εh(p)p = ap+bp√p
with 2ap, 2bp ∈ Z, and observe that
(−1)|{16k< p4 : (kp )=1}|δ p− 1
2
! ≡− δ2(p−1)/4 ≡ ε−(
a
p
)ph(p)
p = (ap + bp
√
p)−(
a
p
)p
≡ (app + bppp(p−1)/2√p)−(ap )
≡
(
−p− 1
2
!
)−(a
p
)
≡
(
a
p
)
p− 1
2
! (mod p)
in light of (4.1), (4.4) and the simple fact that(
p− 1
2
!
)2
≡
(p−1)/2∏
k=1
k(p− k) = (p− 1)! ≡ −1 (mod p)
by Wilson’s theorem. Therefore
δ = (−1)|{16k<p/4: (kp )=1}|
(
a
p
)(1−( 2
p
))/2
.
Combining this with (4.6), we obtain (1.19) and (1.22) in the cases
p ≡ 1 (mod 8) and p ≡ 5 (mod 8) respectively. This concludes the
proof. 
Proof of Theorem 1.4. Clearly,
(p−1)/2∑
k=1
1
1− tan piak2/p +
(p−1)/2∑
k=1
1
1− cotpiak2/p
=
(p−1)/2∑
k=1
(
cospiak2/p
cospiak2/p− sin piak2/p −
sin piak2/p
cospiak2/p− sin piak2/p
)
=
(p−1)/2∑
k=1
1 =
p− 1
2
.
So the first equality in (1.25) holds.
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For any x ∈ C with 2x not an odd integer, we have
cot pix− 1 = ie
2piix + 1
e2piix − 1 − 1 = (i− 1)
e2piix − i
e2piix − 1 .
Thus
(p−1)/2∑
k=1
1
cot pi ak
2
p
− 1 =
1
i− 1
(p−1)/2∑
k=1
(
1 +
i− 1
e2piiak2/p − i
)
=
1
i− 1 ·
p− 1
2
+
1
1− ip
(p−1)/2∑
k=1
(e2piiak
2/p)p − ip
e2piiak2/p − i .
Observe that
(p−1)/2∑
k=1
(e2piiak
2/p)p − ip
e2piiak2/p − i =
(p−1)/2∑
k=1
p−1∑
j=0
(e2piiak
2/p)jip−1−j
=
p− 1
2
ip−1 +
p−1∑
j=1
ip−1−j
2
(p−1)/2∑
k=1
(
e2piijak
2/p + e2piija(p−k)
2/p
)
=
p− 1
2
ip−1 +
p−1∑
j=1
ip−1−j
2
( p−1∑
x=0
e2piiajx
2/p − 1
)
=
p
2
ip−1 − 1
2
p−1∑
j=0
ip−1−j +
1
2
p−1∑
j=1
ip−1−j
(
aj
p
)√
(−1)(p−1)/2p
with the help of the known evaluations of quadratic Gauss sums (cf.
[IR, pp. 70-75]). Therefore
(p−1)/2∑
k=1
1
cot pi ak
2
p
− 1 =
1
i− 1 ·
p− 1
2
+
1
1− ip
(
p
2
ip−1 − 1
2
· 1− i
p
1− i
)
+
√
(−1)(p−1)/2p
2(1− ip)
p−1∑
j=1
ip−1−j
(
aj
p
)
=
p
2
(
1
i− 1 +
ip−1
1− ip
)
+
(
a
p
)√
(−1)(p−1)/2p
2(1− ip)
×
(p−1)/2∑
k=1
(
ip−1−2k
(
2k
p
)
+ ip−1−(p−2k)
(
p− 2k
p
))
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and hence
(p−1)/2∑
k=1
1
cot pi ak
2
p
− 1 +
p
2
· 1− i
p−1
(1− i)(1− ip)
=
(
a
p
) √
(−1)(p−1)/2p
2(1− ip) (1− i)
(p−1)/2∑
k=1
(−1)k
(−2k
p
)
.
It follows that
(p−1)/2∑
k=1
1
cot pi ak
2
p
− 1 =
p
4
((−1
p
)
− 1
)
+
(−2a
p
) √
p
2
(p−1)/2∑
k=1
(−1)k
(
k
p
)
.
In view of the above, we have proved (1.25) fully. 
Lemma 4.3. Let p ≡ 1 (mod 4) be a prime. Then
(−1)|{16k< p4 : (kp )=−1}|(−3)(p−1)/4 ≡
{
1 (mod p) if p ≡ 1 (mod 12),
p−1
2
! (mod p) if p ≡ 5 (mod 12),
(4.7)
where h(−3p) is the class number of the field Q(√−3p).
Proof. In 1905, Lerch (cf. [HW]) proved that
h(−3p) = 2
∑
16k<p/3
(
k
p
)
.
By [WC, Lemma 14],
(−3)(p−1)/4 ≡
{
(−1)h(−3p)/4 (mod p) if p ≡ 1 (mod 12),
(−1)(h(−3p)−2)/4 p−1
2
! (mod p) if p ≡ 5 (mod 12).
Thus, if p ≡ 1 (mod 12) then
(−3)(p−1)/4 ≡ (−1) 12
∑(p−1)/3
k=1 ((
k
p
)−1)+ p−1
6 = (−1)|{16k< p3 : (kp )=−1}| (mod p);
similarly, if p ≡ 5 (mod 12) then
(−3)(p−1)/4 ≡ (−1)|{16k< p3 : (kp )=−1}| p− 1
2
! (mod p).
This proves (4.7). 
Lemma 4.4. Let p > 3 be a prime. Then
Sp(−ω) =
{
(−1
p
)Sp(ω)/Sp(ω) if p ≡ 1, 3 (mod 8),
(3
p
)ω(
p
3
)−1/(Sp(ω)Sp(ω)) if p ≡ 5, 7 (mod 8).
(4.8)
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Proof. Observe that
Sp(ω)Sp(−ω) =
(p−1)/2∏
k=1
(e2pii2k
2/p−ω2) = (−1)(p−1)/2
(p−1)/2∏
k=1
ω − e2pii(−2)k2/p.
If (−2
p
) = 1, then
(p−1)/2∏
k=1
(ω − e2pii(−2)k2/p) = Sp(ω).
If (−2
p
) = −1, then
Sp(ω)
(p−1)/2∏
k=1
(ω−e2pii(−2)k2/p) =
p−1∏
r=1
(ω−e2piir/p) = ω
p − 1
ω − 1 =
(p
3
)
ω1−(
p
3
).
Therefore (4.8) holds. 
Proof of Theorem 1.5. As (−1
p
) = 1, we have
Sp(ω)
2 =
(p−1)/2∏
k=1
(ω − e2piik2/p)(ω − e−2piik2/p)
=
(p−1)/2∏
k=1
(
ω2 + 1− ω(e2piik2/p + e−2piik2/p)
)
=(−ω)(p−1)/2
(p−1)/2∏
k=1
(1 + e2piik
2/p + e−2piik
2/p)
=ω(p−1)/2
(p−1)/2∏
k=1
e−2piik
2/p1− e2pii3k
2/p
1− e2piik2/p .
Note that
(p−1)/2∑
k=1
k2 =
1
6
· p− 1
2
· p+ 1
2
(
2 · p− 1
2
+ 1
)
= p
p2 − 1
24
≡ 0 (mod p),
and ∏(p−1)/2
k=1 (1− e2pii3k
2/p)∏(p−1)/2
k=1 (1− e2pii3k2/p)
=
√
pε
−( 3
p
)h(p)
p
√
pε
−h(p)
p
= ε
(1−( 3
p
))h(p)
p
by Lemma 4.2(i). So we have
Sp(ω)
2 = ω(p−1)/2ε
(1−( 3
p
))h(p)
p ,
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and hence
Sp(ω) = δω
(p−1)/4ε
(1−(p
3
))h(p)/2
p (4.9)
for some δ ∈ {±1}. Write εh(p)p = ap + bp√p with 2ap, 2bp ∈ Z. With
the help of Lemma 4.2(ii), we have
εph(p)p = (as + bp
√
p)p ≡ ap ≡ −p− 1
2
! (mod p)
as in the proof of Theorem 1.3. Thus
Sp(ω)
p ≡ δωp(p−1)/4
(p
3
)(p− 1
2
!
)(1−(p
3
))/2
(mod p). (4.10)
On the other hand,
Sp(ω)
p =
(p−1)/2∏
k=1
(ω − e2piik2/p)p
≡
(p−1)/2∏
k=1
(ωp − 1) = ((ωp − 1)2)(p−1)/4
=(ω2p + 1− 2ωp)(p−1)/4 = (−3ωp)(p−1)/4 (mod p).
Combining this with (4.10) and Lemma 4.3, we obtain that
δ
(p
3
)(p− 1
2
!
)(1−(p
3
))/2
≡(−3)(p−1)/4
≡(−1)|{16k< p3 : (kp )=−1}|
(
p− 1
2
!
)(1−(p
3
))/2
(mod p)
and hence
δ = (−1)|{16k< p3 : (kp )=−1}|
(p
3
)
= (−1)|{16k6⌊ p+13 ⌋: (kp )=−1}|.
Combining this with (4.9) we immediately get (1.28).
In light of (1.28), we have
Sp(ω)Sp(ω) = ε
(1−(p
3
))h(p)
p . (4.11)
Combining this with (4.8) and (1.28), when p ≡ 1 (mod 8) we get
Sp(−ω) = Sp(ω)Sp(ω)
Sp(ω)2
=
ε
(1−(p
3
))h(p)
p
(ωε
h(p)
p )1−(
p
3
)
=
{
1 if p ≡ 1 (mod 24),
ω if p ≡ 17 (mod 24).
When p ≡ 5 (mod 8), by (4.8) and (4.11) we have
Sp(−ω) =
(p
3
)
(ωεh(p)p )
(p
3
)−1 =
{
1 if p ≡ 13 (mod 24),
−ωε−2h(p)p if p ≡ 5 (mod 24).
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Therefore (1.29) is valid.
In view of the above, we have completed the proof of Theorem 1.5.

5. Some Conjectures
Let p > 3 be a prime with p ≡ 3 (mod 8). Motivated by (1.6) and
Theorem 1.3, the author conjectured that
h(−p) = 1
2
√
p
(p−1)/2∑
k=1
csc 2pi
k2
p
, (5.1)
and this conjecture posted to MathOverflow (cf. [S19d]) was confirmed
by Prof. Ping Xi.
Inspired by (1.8), for any prime p ≡ 7 (mod 8) and δ ∈ {±1} the
author guessed that
(p−1)/2∑
k=1
1
1 + δ sin 2pik2/p+ cos 2pik2/p
= −p + 1
4
, (5.2)
and this was confirmed by the author’s PhD student Chen Wang who
had read the initial version of this paper.
Now we pose some open conjectures on Sp(x) defined in (1.27) with
x a root of unity.
Conjecture 5.1. Let p > 3 be a prime with p ≡ 3 (mod 4). Write
ε
h(p)
p = ap + bp
√
p with ap and bp positive integers. Then(
i− (−1)(p+1)/4)Sp(i) = (−1)h(−p)+12 · p+14 (sp − tp√p), (5.3)
where
sp =
√
ap + (−1)(p+1)/4 and tp = bp
sp
are positive integers.
Example 5.1. For the prime p = 79, we have h(−p) = 5, h(p) = 3
and εp = 80 + 9
√
p. Note that
εh(p)p = (80 + 9
√
79)3 = 2047760 + 230391
√
79,
and
sp =
√
2047760 + 1 = 1431 and tp =
230391
1431
= 161.
Thus Conjecture 5.1 for p = 79 states that
(i− 1)S79(i) = 1431− 161
√
79.
TRIGONOMETRIC IDENTITIES AND QUADRATIC RESIDUES 23
Remark 5.1. Let p > 3 be a prime with p ≡ 3 (mod 4). According
to [D99, pp. 370-371], Dirichlet realized that (i − (2
p
))Sp(i) ∈ Z[√p]
but he did not predict the exact value of Sp(i). Under the notation of
Conjecture 5.1, it is easy to see that a2p − pb2p = 1 and (s2p − pt2p)/2 =
(2
p
) = Sp(i)Sp(−i) with the help of [S19b, (1.13)]. In view of the proof of
Theorem 1.3, Conjecture 5.1 implies that for any integer a 6≡ 0 (mod p),
we have
(p−1)/2∏
k=1
(
1 + tan pi
ak2
p
)
= (−1)⌊ p−38 ⌋+h(−p)+12 · p+14 2 p−34
(
sp +
(
a
p
)
tp
√
p
)
(5.4)
and
(p−1)/2∏
k=1
(
1 + cotpi
ak2
p
)
= (−1)⌊ p−38 ⌋+h(−p)−12 · p−34 2 p−34
(
sp +
(
a
p
)
tp
√
p
)
.
(5.5)
Conjecture 5.2. Let p > 3 be a prime with p ≡ 3 (mod 4). Then
Sp(ω
±1) =(−1)(h(−p)+1)/2
(p
3
) xp√3∓ yp√p
2
×
{
i±1 if p ≡ 7 (mod 12),
(−1)|{1≤k< p3 : (kp )=1}|(iω)±1 if p ≡ 11 (mod 12),
(5.6)
where (xp, yp) is the least positive integer solution to the diophantine
equation
3x2 + 4
(p
3
)
= py2.
Example 5.2. For the primes p = 79, 227, Conjecture 5.2 predicts
that
S79(ω) = i
√
79− 5√3
2
and S227(ω) = iω(1338106
√
3− 153829
√
227).
Remark 5.2. Let p > 3 be a prime with p ≡ 3 (mod 4). In light of
Lemma 4.4, Conjecture 5.2 implies that
Sp(−ω) =


ω if p ≡ 11 (mod 24),
1 if p ≡ 19 (mod 24),
(3
p
)ω(1+(
3
p
))/2(xp
√
3 + yp
√
p)2/4 if p ≡ 7 (mod 8),
(5.7)
where xp and yp are defined as in Conjecture 5.2.
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For any prime p > 3, it is easy to see that
Sp(e
2pii/6) = Sp(−ω¯) =


Sp(−ω) if p ≡ 1 (mod 4),
1/Sp(−ω) if p ≡ 7 (mod 12),
ω/Sp(−ω) if p ≡ 11 (mod 12).
Conjecture 5.3. Let p > 3 be a prime.
(i) If p ≡ 13 (mod 24), then
Sp(e
±2pii/12) = i(−1) p−58 +|{16k< p4 : (kp )=∓1}|(xp
√
3− yp√p) (5.8)
and
Sp(e
±2pii 5
12 ) = i(−1) p−58 +|{16k< p4 : (kp )=±1}|(xp
√
3 + yp
√
p), (5.9)
where (xp, yp) is the least positive integer solution to the equation 3x
2+
1 = py2.
(ii) When p ≡ 19 (mod 24), we may write p = (4x)2 + 3y2 with
x, y ∈ Z, and we have
Sp(e
±2pii/12) = (−1)(p−19)/24+x(1± i)1 +
√
3
2
(5.10)
and
Sp(e
±2pii 5
12 ) = (−1)(p−19)/24+x(1± i)1−
√
3
2
. (5.11)
(iii) If p ≡ 1 (mod 24), then
(−1)|{1≤k< p12 : (kp )=1}|e±2pii p−148 Sp(e±2pii/12) > 0
and
(−1)|{1≤k< p12 : (kp )=1}|e±2pii p−148 Sp(e±2pii 512 ) > 0.
If p ≡ 7 (mod 24), then
±(−1)h(−p)−12 +|{1≤k< p12 : (kp )=1}|e±2pii p−148 Sp(e±2pii/12) > 0
and
∓(−1)h(−p)−12 +|{1≤k< p12 : (kp )=1}|e±2pii p−148 Sp(e±2pii 512 ) > 0.
(iv) If p ≡ 5 (mod 12), then
(−1)|{1≤k< p12 : (kp )=−1}|e±2pii 5(p−1)48 Sp(e±2pii/12) < 0
and
(−1)|{1≤k< p12 : (kp )=1}|e±2pii p−148 Sp(e±2pii 512 ) > 0.
If p ≡ 11 (mod 24), then
±(−1)h(−p)−12 +|{1≤k< p12 : (kp )=1}|e±2pii 5(p−1)48 Sp(e±2pii/12) > 0.
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When p ≡ 23 (mod 24), we have
(−1)h(−p)−12 +|{1≤k< p12 : (kp )=1}|e±2pii 5(p−1)48 Sp(e±2pii/12) < 0.
If p ≡ 11 (mod 12), then
∓(−1)h(−p)−12 +|{1≤k< p12 : (kp )=±1}|e±2pii p−148 Sp(e±2pii 512 ) > 0.
Remark 5.3. The author posted to MathOverflow (cf. [S19e]) his con-
jecture that the equation 3x2 + 1 = py2 has integer solutions for each
prime p ≡ 13 (mod 24), and this was confirmed by the user GH from
MO via the theory of binary quadratic forms. For any odd prime p, it
is known that h(−p) is even or odd according as p is congruent to 1 or
3 modulo 4.
Example 5.3. For the prime p = 997 ≡ 13 (mod 24), Conjecture 5.3
predicts that
S997(e
2pii/12) = −i(318334327
√
3− 17462102
√
997).
Conjecture 5.4. Let p > 5 be a prime and let ζ5 = e
2pii/5.
(i) If p ≡ 1 (mod 10) but p 6≡ 11 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p5 : (kp )=−1}|e2pii p−140 Sp(ζ±15 ) > 0.
If p ≡ 11 (mod 40), then
(−1)h(−p)−12 +|{16k< p5 : (kp )=−1}|e2pii p−140 Sp(ζ±15 ) < 0.
When p ≡ 1 (mod 10) with p 6≡ 31 (mod 40), we have
(−1)⌊h(−p)2 ⌋+|{16k< 25p: (kp )=−1}|e2pii p−140 Sp(ζ±25 ) > 0.
If p ≡ 31 (mod 40), then
(−1)h(−p)−12 +|{16k< 25p: (kp )=−1}|e2pii p−140 Sp(ζ±25 ) < 0.
(ii) If p ≡ 9 (mod 10) but p 6≡ 19 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p5 : (kp )=−1}|e±2pii p−540 Sp(ζ±15 ) > 0
and
(−1)⌊h(−p)2 ⌋+|{16k< 25p: (kp )=−1}|e∓2pii p+340 Sp(ζ±25 ) > 0.
When p ≡ 19 (mod 40), we have
(−1)h(−p)−12 +|{16k< p5 : (kp )=−1}|e±2pii p−540 Sp(ζ±15 ) < 0
and
(−1)h(−p)−12 +|{16k< 25p: (kp )=−1}|e∓2pii p+340 Sp(ζ±25 ) < 0.
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(iii) If p ≡ 3 (mod 10) but p 6≡ 23 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p5 : (kp )=−1}|e−2pii p−940 Sp(ζ5) > 0.
When p ≡ 23 (mod 40), we have
(−1)h(−p)−12 +|{16k< p5 : (kp )=−1}|e−2pii p−940 Sp(ζ5) < 0.
If p ≡ 3 (mod 10) but p 6≡ 3 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p5 : (kp )=−1}|e2pii p−940 Sp(ζ−15 ) > 0
and
(−1)⌊h(−p)2 ⌋+|{16k< 25p: (kp )=−1}|e∓2pii p−540 Sp(ζ±25 ) > 0.
When p ≡ 3 (mod 40), we have
(−1)h(−p)−12 +|{16k< p5 : (kp )=−1}|e−2pii p−940 Sp(ζ−15 ) < 0
and
(−1)h(−p)−12 +|{16k< 25p: (kp )=−1}|e∓2pii p−540 Sp(ζ±25 ) < 0.
(iv) If p ≡ 7 (mod 10) but p 6≡ 7 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p5 : (kp )=−1}|e∓2pii p−540 Sp(ζ±15 ) > 0
and
(−1)⌊h(−p)2 ⌋+|{16k< 25p: (kp )=−1}|e2pii p+740 Sp(ζ−25 ) > 0.
When p ≡ 7 (mod 40), we have
(−1)h(−p)−12 +|{16k< p5 : (kp )=−1}|e∓2pii p−540 Sp(ζ±15 ) < 0
and
(−1)h(−p)−12 +|{16k< 25p: (kp )=−1}|e2pii p+740 Sp(ζ−25 ) < 0.
If p ≡ 7 (mod 10) but p 6≡ 27 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< 25p: (kp )=−1}|e−2pii p+740 Sp(ζ25 ) > 0.
When p ≡ 27 (mod 40), we have
(−1)h(−p)−12 +|{16k< 25p: (kp )=−1}|e−2pii p+740 Sp(ζ25 ) < 0.
Conjecture 5.5. Let p > 5 be a prime and let ζ10 = e
2pii/10.
(i) For each m ∈ {±1,±3}, we have
Sp(ζ
m
10) = (−1)|{16k6
p+9
10
: (k
p
)=−1}| (5.12)
if p ≡ 21 (mod 40), and
Sp(ζ
m
10) = (−1)|{16k6
p+1
10
: (k
p
)=−1}|ζ2m10 (5.13)
if p ≡ 29 (mod 40).
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(ii) If p ≡ 1 (mod 10) but p 6≡ 11 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p10 : (kp )=−1}|Sp(ζm10) > 0
for all m ∈ {±1,±3}. When p ≡ 11 (mod 40), we have
(−1)h(−p)−12 +|{16k< p10 : (kp )=−1}|Sp(ζm10) < 0
for all m ∈ {±1,±3}.
(iii) If p ≡ 9 (mod 10) but p 6≡ 19 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p10 : (kp )=−1}|ζ∓210 Sp(ζ±110 ) > 0.
When p ≡ 19 (mod 40), we have
(−1)h(−p)−12 +|{16k< p10 : (kp )=−1}|ζ∓210 Sp(ζ±110 ) < 0.
If p ≡ 9 (mod 10) but p 6≡ 39 (mod 40), then
(−1)⌊h(−p)2 ⌋+|{16k< p10 : (kp )=−1}|ζ∓610 Sp(ζ±310 ) > 0.
When p ≡ 39 (mod 40), we have
(−1)h(−p)−12 +|{16k< p10 : (kp )=−1}|ζ∓610 Sp(ζ±310 ) < 0.
(iv) Let m ∈ {±1,±3} and suppose that p ≡ 3 (mod 10). Then
fm(p) := (−1)⌊
h(−p)
2
⌋+|{16k< p
10
: (k
p
)=−1}|ζ2m10 Sp(ζ
m
10)
is a nonzero real number. Also, fm(p) < 0 if and only if (m = 1 and
p 6≡ 3 (mod 40)), or (m = −1 and p 6≡ 23 (mod 40)), or (m = 3 and
p 6≡ 13 (mod 40)), or (m = −3 and p ≡ 33 (mod 40)).
(v) Let m ∈ {±1,±3} and suppose that p ≡ 7 (mod 10). Then
gm(p) := (−1)⌊
h(−p)
2
⌋+|{16k< p
10
: (k
p
)=−1}|ζm10Sp(ζ
m
10)
is a nonzero real number. Also, gm(p) < 0 if and only if (m = 1 and
p ≡ 27 (mod 40)), or (m = −1 and p ≡ 7 (mod 40)), or (m = −3 and
p ≡ 37 (mod 40)), or (m = 3 and p 6≡ 17 (mod 40)).
Conjecture 5.6. Let p > 3 be a prime and let n > 2 be an integer.
Let a be any positive odd integer smaller than 2n. If p ≡ 1 (mod 4),
then
(−1)|{16k< ap2n : (kp )=1}|Sp(e2piia/2n)e−2piia(p−1)/2n+2 > 0.
When p ≡ 3 (mod 4), we have
(−1)h(−p)+12 +|{16k< ap2n : (kp )=1}|Sp(e2piia/2n)e−2pii(a(p−1)+2n)/2n+2 > 0.
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